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Abstract

I present an approach to meta-analytic SEM that relies on hierarchical modeling of sample
covariance matrices under the assumption that the matrices are Wishart. The approach
handles the commonplace fixed- and random- effects meta-analytic SEMs, and solves the
problem of dependent covariance matrices where more than one covariance matrix is
obtained from a single study. The estimation approach is Bayesian, and I provide some
guidance on prior specification, as well as model code to aid application and further study
of the approach. Finally, I demonstrate the approach with 28 correlation matrices collected

from 21 studies of the Hospital Anxiety and Depression scale.

Notation:
N (): Normal distribution, mean-scale notation
W,(): Wishart distribution for a p x p matrix

t*(): half-¢ distribution, degrees of freedom, location, scale notation
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Wishart hierarchical models for meta-analytic latent variable models: A

demonstration with the Hospital Anxiety and Depression Scale

Structural equation modeling (SEM) is a popular statistical method for modeling
covariance structures; for commonplace SEMs, the covariance matrix is sufficient for data
analysis. Meta-analytic SEM (MASEM, |Cheung & Chanl, 2005; [Viswesvaran & Ones, [1995)
combines ideas from meta-analysis (Hedges & Olkin, [1985)) and SEM to estimate and test

covariance structures assumed to underlie multiple covariance matrices.

In this paper, I present an approach to MASEM based on the Wishart distribution.
I specifically focus on latent-variable models, thus excluding meta-analytic path models.
The approach includes both fixed- and random-effects MASEM, and additionally accounts
for dependent covariance matrices. Prior to elaborating the approach, I briefly review the

most popular approach to estimating MASEMs.

The most popular approach to estimating MASEMs is two-stage SEM (TSSEM,
Cheung & Chanl, 2005, 2009). In the first step, a pooled correlation matrix is estimated.

Each S; (for ¢ in 1,..., k sample covariance matrices) is decomposed thus:

1/2
i(4j

R; = D; 'S;D; !, where D; is a diagonal matrix with j* diagonal element s ) such that
R, is the correlation matrix. Under a fixed-effect TSSEM, all studies are assumed to have
the same R,;, i.e. Ry = ... = Ry. Under a random-effects TSSEM, R, is assumed to vary
across studies. In a fixed-effect TSSEM, one can compute the degree of misspecification
due to assuming the same R,; across studies. If the degree of misspecification is deemed
unacceptable, then a random-effects TSSEM is preferred. Regardless of fixed-/random-
effects approach, the resulting pooled correlations p are then used to estimate the
hypothesized correlation structure p(@) with weighted least squares (WLS) discrepancy
function (Browne, 1974). Other approaches to MASEM (e.g. one-step maximum-likelihood
(Oort & Jak, 2016)) are often similar or asymptotically equivalent to TSSEM (Yuan &
Kano, 2018). An exception is parameter-based MASEM (e.g. Ke, Zhang, & Tong, 2019)

where structural parameters are assumed to vary across studies.
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In the next section of the paper, I lay out the Wishart methods for MASEM.
Afterward, I present a data analysis example using the Hospital Anxiety and Depression
scale (HADS, Zigmond & Snaith, [1983) — the example shows how to practically apply the
Wishart approach. I then conclude with discussion of the approach and some thoughts for
further developing the approach. Finally, code for simulation studies and data analysis
examples is available at

https://osf.io/rstzk/7view_only=61826849a2e94£978522a01d9b7aba2e.
Wishart-based MASEM

A major distinguishing feature of Wishart-based MASEM is that one meta-analyzes
the covariance matrices directly when they are available, as opposed to the correlation
matrices as typical in TSSEM. Under the assumption that the data in a study are

multivariate normal, the sample covariance matrix is a Wishart variate:

n'S ~ W, (3, n") (1)

where n* = sample size — 1, ¥ (scale matrix) is the population covariance matrix

underlying the study. As n* — oo, S — 3, and the effect of sampling error is negligible.
Fixed-effects model

The sum of several Wishart matrices that share a common scale matrix is itself
Wishart with the same scale matrix (Gupta & Nagar, 1999, Theorem 3.3.8):
k

k
;S| ~ W, (2, me) if (Si,...,S) ~ W, <nlzn> , 2)
=1

i=1 i
where ¥ in equation [2]is the pooled covariance matrix under a fixed-effects model. 3 may
be further assumed to be a structured covariance matrix, 3(@), such that one directly
estimates the SEM parameters, 8. Hence, this would be a one-step fixed-effects MASEM.
For meta-analytic confirmatory factor analysis (CFA) (the most common MASEM), the

one-step fixed-effects MASEM would be:


https://osf.io/rstzk/?view_only=61826849a2e94f978522a01d9b7a5a2e
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> [nisi| ~ W, <A<I>A’ +0, zkjn> , (3)

i=1 i=1
where A is the loading matrix with certain elements set to 0 based on model identification
and substantive considerations, ® is the inter-factor correlation matrix and @ is the

residual covariance matrix.
Randome-effects model

Given equation [I], the population covariance matrix, ¥, may then be assumed to be

inverse-Wishart (on the basis of conjugacy):

X~ WHQ x m,m), (4)

where €2 is the true covariance matrix underlying the population covariance matrix and
m > p — 1 is the degrees of freedom and functions as a precision parameter — as

m — oo, X — Q. Wu and Browne| (2015, hereafter WB) assumed € to be a structured
covariance matrix, €2(0), such that differences between ¥ and Q(@) are due to what WB
(2015)| term adventitious error — error that arises because the exact study population
differs from the hypothetical population for which the psychometric theory holds.

The models in equations [I] and [] form a hierarchical model for S — the primary
interest is in obtaining 2 not 3. Hence, one can integrate out 3, the resulting marginal
distribution for S is a generalized matrix variate beta type II (GMB-II) distribution (Roux
& Beckerl, 1984, as cited in [Wu & Browne, 2015)E]

with log-likelihood:

LIWB (2015)| refer to this distribution as the second type of matrix variate beta distribution citing chapter
5 of |Gupta and Nagar| (1999). However, Gupta and Nagar| (1999) in definition 5.2.4 include the label
generalized to describe this distribution.
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*—p—1)InlS In|Q] — (n* |
(n*—p—1In|S|+mn|Q| — (n*+m)In o

, (6)
mS2 +n*S ‘ )

where f(p,z) =InT')(z/2) — % [zpln(x/2) — xp], and T, is the multivariate gamma function

(Gupta & Nagar| |1999, definition 1.4.2).

WB (2015) presented the model above in the context of a single study and
suggested it may be useful for multi-group contexts. In MASEM contexts, it is reasonable
to assume that differences in sample covariance matrices (S;) across studies result from
different population covariance matrices (X;), with each of these populations being

somewhat different from the generic population the hypothesized covariance structure

holds for — if it holds.

The model in equation [5]is a hierarchical model for S, I extend it to a random-effect

MASEM for S;:

n; m m ,
Si; ~ GB}) <27 7 wﬂ(e),opxa forie{1,... k} (7)

where 2(0) (= A®PA’ + ©) is the pooled structured covariance matrix.

Based on results in [WB (2015), the quantity, v = 1/m, represents the average
variance between the study population covariance matrices. Additionally, the quantity,
1/4/(m + p — 1), approximates the root mean square error of approximation (RMSEA, ¢)
from assuming the pooled structured (€2(0)) matches the different 3; (Wu & Browne,
2015).
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Dependent-samples model

Dependent covariance matrices can occur in MASEM when more than one
covariance matrix is obtained from the same study. Commonplace MASEM approaches fail
to account for such dependence. As a solution, I extend the model in equation [5] Assuming
7in 1,...,c clusters of covariance matrices, the following hierarchical model for dependent

covariance matrices applies:

n; mp M
27 2 nt

(3

Sij ~ GBLI < \Ilj[i]vopxp> for i € {l, ce /{J}

moW¥; ~ W (Q(0),my) for j € {1,...,¢c}

where W; is an unstructured covariance matrix that varies by cluster j. W; is assumed
Wishart (on the basis of conjugacy) with a scale parameter that is the true structured
covariance matrix, €2(@). Hence, this remains a random-effect MASEM; the within-cluster
variation is controlled by my (precisely: v; = 1/m4) and the between-cluster variation is
controlled by ms (vy = 1/my); such that v; + vy = v, where v is the variation between
population covariances and the pooled structured covariance matrix in the standard
random-effects model, i.e. ignoring clustering. Additionally, the overall (¢), within-cluster
(¢1) and between-cluster (e2) RMSEAs can be computed, €12y = 1/(/m/2) +p — 1.
Finally, the proportion of variance that is between-cluster may also be of interest,

vo(vy + v2) 7L
Notes on the Wishart methods

The Wishart approach makes clear the data generation process for MASEM and
sheds light on the nature of the pooled structured covariance matrix, £2(€). The approach
assumes €2(0) underlies the observed covariance matrices. In the fixed-effects case, only
sampling error is responsible for differences between the observed covariance matrices. In

the random-effects case, adventitious error or study-specific context e.g. non-random
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sampling of cases generates an intermediate population covariance matrix (true for the
specific population sampled) between Q(6) and the observed covariance matrix. In the
dependent-samples case, clustering creates another level of variation. Hence, random and
non-random sampling variation may be responsible for €2(0) seeming very different from
the observed S;.

Additionally, the Wishart methods as presented exploit conjugate pairings (Wishart
— inverse-Wishart — Wishart) to account for higher levels of hierarchies (fixed — random
— dependent).

Finally, the elaboration above focuses on the CFA, however, the methods are valid

for any SEMs for which the covariance matrix is sufficient.
Implementation details

[ assume a Bayesian model estimation approach and provide R and Stan (Carpenter
et al., 2017)) code to estimate the models above. Stan is a statistical programming language
for fitting models using Markov Chain Monte Carlo methods using the relatively efficient

No-U-Turn sampler.
Data analysis example

The data are 28 correlation matrices of the 14-item Hospital Anxiety and
Depression scale (HADS, [Zigmond & Snaith) [1983), collated and meta-analyzed by Norton,
Cosco, Doyle, Done, and Sacker| (2013)) and re-analyzed by [Jak and Cheung (2020)). The
HADS is widely used to test distress in non-psychiatric patient populations, and has been
validated using factor analysis and item-response theory. For demonstration, I selected two

competing theoretical configurations for the HADS:

1. Two correlated factors: anxiety (odd-numbered items) and depression

(even-numbered items);

2. A bifactor model with anxiety and depression factors hypothesized as above and a

general factor; all three factors are uncorrelated.
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[ fit each of the three Wishart methods (fixed-effects, random-effects,
dependent-samples) to both theoretical configurations above resulting in six estimated
models. The 28 correlation matrices were clustered within 21 studies with the following
cluster sizes: 1 (18 studies); 3 (2 studies); and 4 (1 study).

I set the following priors for structural parameters across all three Wishart methods:

p+1

A~ N(0,0y), ox~t1(3,0,1), ~ Beta(2,2), oo ~t1(3,0,1) (9)

where non-zero loadings (A) have a normal prior with scale hyperparameter, 0. Both oy
and residual standard deviations (og) have half-t priors (Gelman, 2006) creating a weakly
regularizing effect (Lemoine) 2019) given that the total variable variances are 1. The prior
for the interfactor correlation (p) is boundary-avoiding. Loadings and the interfactor
correlation are sign-corrected post-sampling (e.g. |Conti, Fruhwirth-Schnatter, Heckman, &
Piatek,, 2014 Merkle, Fitzsimmons, Uanhoro, & Goodrich, 2021)) to correct for rotational
indeterminacy of latent variables (Peeters, 2012).

I assume the variance parameters in the random-effects method (v) and both
within- (v1) and between- variance parameters (v;) in the dependent-samples method are
standard half-normal, [v, v1,vs] ~ N1(0,1). This prior also has a weakly regularizing effect
since the upper limit of these parameters is 0.077 (1/(14 — 1)) given the definition of the
Wishart distribution

For each model, there were 1000 warmup iterations then 1000 iterations retained for
inference across 4 chains. Sampler-specific diagnostics (Betancourt, [2017)) were adequate
for all estimated models. Across all models and parameters, the maximum R (Vehtari,
Gelman, Simpson, Carpenter, & Biirkner, |2020]) was 1.02 suggesting parameter convergence
for all parameters across models.

I compared the six estimated models using approximate leave-one-out information

2 These variance parameters are inverse degrees of freedom for the Wishart distribution; the degrees of
freedom parameter for a p X p covariance matrix must exceed p — 1.
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Table 1
Model comparison results sorted by LOOIC

Model LOOIC ALOOIC Model weights

Dependent + bifactor —8523.0 - 71.5%

Dependent + correlated —8464.6 ~ —58.4 25.4%

Random-effects + bifactor —7025.2 —1439.4 3.0%
Random-effects + correlated —6669.1  —356.1 < 0.01%

Fixed-effects + bifactor 1699.6  —4969.5 < 0.01%
Fixed-effects 4+ correlated  4321.5 —2621.9 < 0.01%

As with other commonplace information criteria, smaller values of LOOIC suggest better
predictive performance of a model.

criterion (LOOIC, [Vehtari, Gelman, & Gabry, [2017)) and computed model weights via
stacking (Yao, Vehtari, Simpson, & Gelman) 2018) using the loo package (Vehtari, Gabry,
et al., 2020) in R. The worst models were the fixed-effects models, while the
dependent-samples models were best performing, see Table [I} Given the same method, the
bifactor configuration always outperformed the correlated factors configuration.

The RMSEA can also be used for comparing the random-effects and
dependent-samples models, see Figure [l For the random-effects models, the bifactor model
had the lower RMSEA, suggesting that the average distance between the pooled structured
covariance matrix and the population covariance matrices underlying individual observed
covariance matrices was lower for the bifactor model compared to the correlated factors
model.

There are three sets of RMSEA values for the dependent-samples models. The
dependent-samples overall RMSEAs should match the random-effects RMSEAs — both sets
of metrics capture the same information. The within-cluster RMSEAs () should be
identical across different model configurations of the same data is this is the gap between
the cluster-level population covariance matrices and the population covariance matrices
underlying each observed covariance matrix. Finally, the between-cluster RMSEA (e5)
shows how the pooled structured covariance matrix differs from the cluster-level population

covariance matrices, and this will differ by model configuration. Given that clustering of
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Figure 1
Model RMSEA estimates

Configuration A Correlated ® Bifactor

Method: Random-effects

0.081
— A
Overall 0.075 .078 .083
_._
.072 .077
Method: Dependent-samples
0.083
— A
Overall - 0.077 080" .086
[ —
.074 .079
0.041
Within- .037 .045
cluster 0.040
.036 .045
0.074
Between- | .070 .077
cluster 0.067
.063 .070
0.04 0.05 0.06 0.07 0.08

RMSEA estimate with 95% ClI

Note. Both panels have the same x-axis.

covariance matrices will create some shared variation, 5 is the best measure of how well
the pooled structured covariance matrix differs from the individual population covariance
matrices, as this metric reflects the RMSEA assuming there was no clustering. Based on
this metric, the pooled bifactor model is less distant than the pooled correlated factors
model from the individual population covariance matrices underlying observed covariance
matrices. Hence, of the two configurations, the bifactor model better reflects the patterns
responsible for generating the observed covariance matrices. That said, a considerable
proportion of the variation is between clusters as opposed to within clusters for the bifactor

model, 74.1%, 95% CI [68.0%, 79.4%]. This is unsurprising in this example since most
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Figure 2
Estimates from multiple bifactor model solutions for HADS scale

Gen: General Factor; Anx: Anxiety; Dep: Depression; RV: Residual variance

Gen: Item 1 Gen: Item 2 Gen: Item 3 Gen: ltem 4 Gen: ltem 5 Gen: ltem 6 Gen: ltem 7
Fixed —— — —— > —— —>« —
Random +
Dep
0625 0.650 0.675 042 045 048 051 055005750.6000.625 044 048 052 056 0.62 0.64 0.66 0.68 0.70 0540.560.580.600.62  0.650 0.675 0.700 0.725
Gen: Item 8 Gen: ltem 9 Gen: ltem 10 Gen: ltem 11 Gen: ltem 12 Gen: ltem 13 Gen: ltem 14
Fixed —>« —— — —— -« —— -
Random +
Dep
0.400 0.425 0.450 0.475  0.500 0.525 0.550 0.575 0.600 0.3000.3250.3500.3750.400 ~ 0.450 0.475 0.500 0.525 045 048 051 0.540.550 0.575 0.600 0.625 0.650  0.39 042 045 048
Anx: Item 1 Anx: Item 3 Anx: ltem 5 Anx: Item 7 Anx: Item 9 Anx: ltem 11 Anx: ltem 13
Fixed —— —— —— —— —— —— ——
Random | =——¢—
Dep
015 020 025 035 040 045 016 020 024 028  -0.30-0.25-0.20-0.15-0.10 030 035 004 008 012 0.16 040 045 050
Dep: Item 2 Dep: ltem 4 Dep: Item 6 Dep: Item 8 Dep: Item 10 Dep: Item 12 Dep: Item 14
Fixed | —>¢— —— —— —— —— —— ——
Random
Dep
0.425 0.450 0.475 0.500 0.525  0.400 0.425 0.450 0.475 0.2750.3000.3250.3500.375 0.15 0.18 0.21 0.24 0.27 0.2250.250 0.275 0.300 0.3250.475 0.500 0.525 0.550 0.575 0.175 0.200 0.225 0.250 0.275
RV: ltem 1 RV: ltem 2 RV: ltem 3 RV: ltem 4 RV: ltem 5 RV: ltem 6 RV: ltem 7
Fixed > > —— > - > ol
Random | —¢— —— —— e —— —— —_—
Dep —o s—
0.450 0.475 0.500 0.525 0.550 050 055 0.60 0425 0450 0.475 0.500 045 050 055 060 042 044 046 0.48 050 050 055 060 0.35 0.40 0.45 050 055
RV: ltem 8 RV: ltem 9 RV: ltem 10 RV: ltem 11 RV: ltem 12 RV: ltem 13 RV: ltem 14
Fixed >« >¢ - >« - -« >«
Random + + + + +
Dep
0.6500.6750.7000.7250.7500.775  0.52 056 0.60 070 075 080 070 075 080 040 044 048 052 0.375040004250.450 068 072 076 0.80

Estimates with 95% ClI

clusters (18 / 21) are single-case clusters.

I report the parameter estimates of the three bifactor models in Figure 2 The
pattern as one might predict is that accounting for more hierarchies — fixed-effects —
random-effects and random-effects — dependent-samples — increases uncertainty about
structural parameters. Alternatively stated, ignoring dependent-samples wrongly reduces

the uncertainty about estimated structural parameters.
Discussion

In this paper, I have presented an approach to MASEM that uses hierarchical
models based on the Wishart distribution to capture the two most common MASEM
models (fixed- and random- effects) and solves an extant problem in the MASEM literature

(dependent covariance matrices). The approach has been demonstrated with a dataset, the



WISHART MASEM 13

demonstration showed how information-criteria based model comparison and the RMSEA
produced by the models may be used for model comparison or selection.

A key limitation of the current work as presented is the absence of simulation
results showing that the method returns adequate parameter estimates under a true model.
I hope to address this in the future. In the meantime, that the method simply exploits
conjugate pairings should increase confidence in the logical validity of the approach.

Another limitation of the proposed approach is the absence of global model fit
indices that are commonplace within SEM. Specifically, the current method does not have
a way of identifying non-trivial residual correlations induced by minor factors. To solve
this problem, we propose estimating a full residual covariance matrix (similar to equation 9

in Muthén & Asparouhov, [2012) to allow for investigation of local misspecifications.
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